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Abstract: A formalism has been developed for the evaluation of the rotational strength of a vibrational transition using first-
order anharmonic wave functions. This formalism, in contrast to the previous harmonic treatments of the problem, admits cir­
cular dichroism in overtone and combination transitions. Explicit expressions have been derived for the rotational strengths 
of two-quantum vibrational transitions. The possibility of anharmonic contributions to the circular dichroism of vibrational 
fundamentals is also discussed. It appears that such contributions may arise through anharmonic resonance between a funda­
mental and an overtone or combination, or through second-order anharmonic effects. These second-order anharmonic effects 
are shown to be of the same order of magnitude as non-Born-Oppenheimer contributions to the rotational strength. 

I. Introduction 

Previous calculations1'2 of the rotational strength associated 
with a molecular vibrational transition have been based on two 
assumptions; the first is that the vibrational wave functions are 
adequately described within the harmonic-oscillator approx­
imation, the second is that the electric and magnetic dipole-
moment operators may be approximated by the assumption 
of a fixed partial charge (fpc) on each atom of the molecule 
which follows exactly the vibrational motions of that atom.3 

This harmonic-fpc model was first used by Fickettla and later 
by Cohan and Hameka,lb to calculate the rotational strengths 
of molecules made optically active by isotopic substitution. 
Deutsche and Moscowitzlc used the harmonic-fpc model to 
calculate the vibrational ORD and CD spectra of several helic 
polymers. Schellman2a has reported harmonic-fpc calculations 
for some methypyrrolidones and has given a concise develop­
ment of the basic theory. The harmonic-fpc model was also 
used by Snir, Frenkel, and Schellman2b and by Faulkner et 
al.2c 

There have recently been two experimental observations 
which have led us to consider the extension of the harmonic-fpc 
model to include anharmonic effects. One observation is the 
result of studies in our own laboratory in which we have com­
pared the observed rotational strengths associated with a 
number of CH-stretching vibrations with the rotational 
strengths calculated on the basis of the harmonic-fpc model, 
for example, in tartaric acid and 2,2,2-trifluoro-l-phenyleth-
anol. Generally in these investigations we have found that the 
calculated rotational strengths are an order of magnitude less 
than the observed ones and, moreover, that the calculated ro­
tational strengths of the CH-stretching vibrations are not very 
sensitive to the assumed harmonic force field. The fundamental 
difficulty with the calculations seemed to be that the matrix 
element of the magnetic dipole-moment operator based on the 
harmonic-fpc model was much too small, the only contributions 
being the result of small displacements of the other atoms in 
the molecule in the CH-stretching normal coordinate. These 
calculations are discussed in detail in Appendix I of this paper. 
Accordingly, we sought some other important contribution to 
the matrix element of the magnetic dipole-moment operator 
and decided to consider the mixing of the CH-stretching fun­
damental with the higher vibrational states involving the CH 
deformations. Such mixing would stem from anharmonic terms 
in the vibrational Hamiltonian and its consideration would 
imply an extension of the harmonic-fpc model to include an­
harmonic effects. The other relevant observation is the report 
by Keiderling and Stephens4 of the measurement of vibrational 
circular dichroism in the overtone and combination-band re­
gions of several organic molecules. In the harmonic-fpc ap­
proximation the rotational and dipole strengths of such two-

quantum (binary) transitions must vanish, and any theory for 
such optical activity must necessarily include vibrational an­
harmonicity. 

In this paper we develop the formalism for the calculation 
of the rotational strengths of vibrational transitions with 
first-order anharmonic wave functions. The basic theory for 
the treatment of anharmonicity is established in section II 
using the contact-transformation approach of Nielsen et al.5 

The fpc model is retained as the basis for the electric and 
magnetic dipole-moment operators and in this theory all 
contribution from electrical anharmonicity is ignored. The 
extended model, which uses anharmonic vibrational wave 
functions with the fixed partial charge assumption, is conve­
niently described as the anharmonic-fpc model. From it we 
have derived explicit expressions for the electric and magnetic 
dipole transition moments for fundamentals and for binary 
overtone, combination, and difference bands, and from these 
the corresponding dipole and rotational strengths may be 
calculated. The first order anharmonic wave functions give, 
of course, exactly the same expressions for the rotational 
strengths of the fundamental transitions as those obtained in 
the harmonic-fpc approximation. 

The contact-transformation approach, which is equivalent 
to second-order perturbation theory (first-order wave func­
tions), fails in the case of resonance or near resonance. The 
modification of the anharmonic-fpc,model for the treatment 
of such cases is given in section III. This modification results 
in anharmonic contributions to the rotational strengths of the 
fundamentals. 

Section IV contains an order-of-magnitude analysis of the 
anharmonic-fpc rotational and dipole strengths for the vi­
brational fundamentals and binary overtone, combination, and 
difference transitions. This analysis shows that, although the 
rotational and dipole strengths for the two-quantum transitions 
are expected to be considerably smaller in magnitude than the 
rotational and dipole strengths of the fundamental, the ex­
perimentally important dissymetry factor, G (=4/?/D), for 
the binary transitions is expected to be of the same order of 
magnitude as for a fundamental. This is an important result 
since state-of-the-art detectors and photoelastic modulators 
for the near infrared are considerably better than those for the 
mid- and far-infrared, and consequently it is much easier to 
measure infrared circular dichroism in the overtone-combi­
nation band region. It is also consonant with the experimental 
observations of Keiderling and Stephens.4 

Section IV also includes a qualitative discussion of the ex­
tension to second-order wave functions of the treatment given 
in section II. At this level of approximation, the electric and 
magnetic dipole transition moments for a fundamental differ 
from those obtained with the harmonic-fpc model even in the 
absence of a resonance interaction between the fundamental 
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and a binary level. However, it is shown that the correction 
terms to the harmonic-fpc electric dipole transition moment 
arising from the second-order treatment are of the same order 
of magnitude as terms which arise from the breakdown of the 
Born-Oppenheimer approximation.6 

The difficulty of using other intensity models instead of the 
fpc model is addressed in section IV. Using, for example, the 
bond-moment hypothesis7 to calculate the electric dipole 
transition moment while using the fpc model to calculate the 
magnetic dipole transition moment will lead, in general, to an 
origin-dependent rotational strength. Further, since most of 
the infrared absorption-intensity models in use today were 
developed only as models for the electric dipole-moment op­
erator, the use of these models for the magnetic dipole-moment 
operator often leads to anbiguous results. 

Finally, the problem of calculating the vibrational rotational 
strength without recourse to explicit models is discussed in 
section IV. It is shown that, within the Born-Oppenheimer 
approximation, the electronic contribution to the magnetic 
dipole transition moment must vanish. Moreover, it is the 
corrections to the Born-Oppenheimer wave function that 
produce an electronic contribution to the magnetic dipole 
transition moment that is of the same order of magnitude as 
the contributions to the magnetic dipole transition moment 
arising from nuclear motion within the Born-Oppenheimer 
approximation. It is also shown that if the rotational strength 
calculation is carried out within the Born-Oppenheimer ap­
proximation (i.e., with no electronic magnetic dipole transition 
moment) the rotational strength will be origin dependent. 

II. Basic Theory 

The anharmonic vibrational problem is conveniently handled 
in the contact-transformation formalism of Nielsen.5 We 
consider a purely vibrational Hamiltonian operator of the form 
H = HQ + H1 + . . . where the harmonic part 

H0 = ̂ Zus[(Ps/h)2 + qs
2] (D 

and the anharmonic part 

H1= he Y. kss>s>>qsqs>qs" + ... (2) 
s<s' <s" 

The normal coordinates, qs, and conjugate momenta, ps/h, are 
in dimensionless form. This Hamiltonian is contact trans­
formed by an operator T to yield 

H=THT~l (3) 

The condition on T is to require that H be diagonal in the ei-
genfunctions of Ho, \pn°. It is then easy to see that the eigen-
functions of H, \pn, are given by 

^ = r->^° (4) 
The contact transformation, T, is written as 

T = eitS (5) 

where e is a smallness parameter and 5 is an Hermitian func­
tion of the normal coordinates and their conjugate momenta. 
The present treatment is restricted to first-order anharmonic 
wave functions and so only the first contact transformation 
function is used. The function, S, is given by5'8 

S=Z SabcpaPbpc+ Y. Sab
c-(pcqaqb + qbqapc) (6) 

a<bSc a<b,c L 

Explicit expressions for the numerical coefficients, Sabc and 
Sab

c, have been given by Amat, Nielsen, and Tarrago.8 

This form of the 5 function, which contains no angular-
momentum operators, implies that the only additional terms 
considered in H are those associated with vibrational anhar-

monicity. The neglect of rotational and rotation-vibration 
interaction terms is justified since the theory is to be applied 
to spectra measured in condensed phases. 

From eq 4 the matrix elements of an operator, / , may be 
written in the first-order anharmonic basis as 

(^ l /K ) = (^0|7yr->|^°) (7) 
and so, to evaluate the anharmonic matrix elements off, it is 
sufficient to evaluate the matrix elements of the contact-
transformed operator,/= 7 /T - ' , in the harmonic-oscillator 
bas is . /and/are written in order-of-magnitude expansions 
as 

/ = / o + e / i + e2/2 + . . . 

/ = / 0 + e / , + «2/2 + . . . 

and, with the definition of T given in eq 5, it is easily shown 
that 

/ o= /o , 

A=A+i[S,fo] (8) 

and 

h = fi + ns,f]-l-[S,[Sf0]] 

In the fixed partial charge (fpc) model the electric (M) and 
magnetic (m) dipole-moment operators are given by2a 

H=Z zAeRA (9) 
A 

m ^ ^ R . X P , (10) 
A 2mAc 

Here RA and PA are the Cartesian position and momentum of 
the ,4 th atom which has mass mA and partial charge zAe. Be­
fore proceeding, these expressions must be transformed into 
dimensionless normal coordinates. The Cartesian position and 
momentum are linearly related to the dimensionless normal 
coordinates, \qs\, and conjugate momenta, \ps\, by 

*A = RA° + LtAs-qs (H) 
s (Xs 

PA = ZmAtAsasps (12) 

where R^0 is the equilibrium position of the Ath atom. The 
vectors tAs are given by 

IAS = ^As/vrriA 

where \As is the vector giving the Cartesian displacement of the 
A\\\ atom in the sth normal mode and is obtained from the Lx 
matrix.9 The constant as in eq 11 and 12 arises from the 
transformation to dimensionless normal coordinates and is 
given by 

as= [2ircus/h] '/2 

where us is the harmonic wavenumber of the sth normal mode 
in cm-1. Equations 11 and 12 are substituted into eq 9 and 10 
to yield 

H = ZzAeRA° + z(—ZzAetAs)qs (13) 
A s \as A I 

™ = T.(*s2ZZ-^KA°XtAs)ps 

s,s' \as A 2c I 
Since the first term in eq 13 is just the static electric dipole 
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moment at the equilibrium configuration, ^o, the form of eq The results for the first-contact-transformed electric and 
13 may be simplified to magnetic dipole-moment operators are 

M = Mo+E ts4* = Mo+«Mi (15) 

where 

M = Mo + E tjqj + h E t , E SabJpapb{\ + 5a> + «w) 

tr = — E z^et/is 
«5 -4 

(16) 

It is obvious from eq 15 that in the fpc model 

t, = (dn/dqs) 

and all higher order derivatives of the dipole moment vanish; 
one should, however, note that there may be effective contri­
butions to higher derivatives through compensating rota­
tions.10 

The expression for m may also be recast as 

m = E SsPs + E kss'qsPs' = emi + e2m2 (17) 
5 S,s' 

where 

^s= as E~RA°XtAs (18) 
A IC 

( » ' = - l 7 t A X t A . (19) 
OCs A IC 

Note that £ss> ^ Ss's and Sss = 0. The ordering of mi in first 
order and ni2 in second order follows from the inequality 

1 
R^0I » UsQs 

The first term in eq 14 may be interpreted as the contribution 
to the magnetic dipole-moment operator arising from the 
component of the vibrational motion corresponding to rotation 
of the partially charged atoms about the overall molecular-
coordinate origin. The second term in eq 14 may be interpreted 
as the contribution to m arising from each partially charged 
atom moving with momentum ps> on a lever arm qs relative to 
an origin at the equilibrium position of the atom. 

From eq 8 and 15 it is apparent that the terms in the con­
tact-transformed electric dipole-moment operator are given 
by 

Mo = MO 

Ml = Ml 

M2 = /[5",Ml] 

and thus, to second order, 

M = MO+ Ml+ ''[5,Mi] (20) 

Similarly, from eq 8 and 17 

iiio = 0 

ni] = m i 

ifi2 = m2 + / [S, m i ] 

and the contact-transformed magnetic dipole moment, m, is 
given to second order by 

m = mi + ni2 + '[^,nii] (21) 

The commutators in eq 20 and 21 may be computed readily 
with the easily derived relations 

dS 
<ips 

dS 

dqs 

+ E SabJqaqb 
a<b 

m = E SjPj + E SJkQjPk 
J J.k 

-hZkj E Saj
c - (pcqa + qapc)(\ + &aj) 

(22) 

(23) 

The fundamental and binary transition matrix elements of 
eq 22 and 23 are easily computed and are 

, 1 - 1 , ^ [vs+ \V/2 

(Ds\fi\vs+ 1) = [ ^ - J 

(^+l|mK) = /?J^p] 
(DS\H\VS + 2)=~[(VS+ 1) 

X (V1 + 2)]'/2 £ tj{-h2S"J(l + 26sj) + S,. 
J 

fo + 2|ih|lO = - / y [(P,+ l ) f e+2) ] l / 2 

(24) 

(25) 

(26) 

X E £j\SJs
s(\ + M (27) 

(vs, Vy I Jt I V1 + 1, Vy + 1 ) = - [(Vs + I)(Vs' + 1 ) ] 1 / 2 

X E tj\Sss>J - h2Sss'J(\ + 8s>j + 8sj)} (28) 
j 

= y [(Vs' + (vs + 1, iv + l|m|t-> Vs 

X(Vs+ \)V'2(tss> + &s) 

ih2 

[S,qs] = -ih 

[S,Ps] = ih 
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~ -T- [(Vs' + 1 )(VS + 1 )]V2 E tj{Ss>js{\ + Ss-j) 
1 J 

+ Ss/(\+bsj)\ (29) 

(vs + 1, iv I /i I iv + 1, V5) = - [(us + 1) 

X (Vs' + 1 )] '/2 E tjiSss'J + h2S"'J( 1 + 8s'j + Sy)) (30) 
j 

(Vs'+ l , ^ | l T l | ^ + \, Vs')= '-J [(Vs'+ I)(Vs+ I ) ] ' / 2 

X(Sss'-t,>,)-l-J-[(Vs>+\)(Vs+ I ) ] ' / 2 

X E ij\Ssj''{\ + &sj) ~ SS'j
s(\ + «,<;)} (31) 

j 

Secroun, Barbe, and Jouve1' previously obtained expressions 
for the electric dipole transition moment which correspond to 
eq 24, 26, 28, and 30 if the electrical anharmonicity is assumed 
to be zero and only the first contact transformation of the 
electric dipole-moment operator is considered. Overend12 has 
recently pointed out that the electric-dipole transition moments 
for combination and difference bands can be quite different 
and that there is no simple relationship between the absorption 
intensity for a combination band and the corresponding dif­
ference band. From eq 28-31 it is apparent that the same as­
sertions may be made concerning the rotational strengths for 
combination and difference bands. 
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The dipole and rotational strengths are computed from eq 
24-31 via the expressions 

Dv^=\(v\n\v')\2 (32) 

R11^ =lm{(v\fi\v')(v'\m\v)} (33) 

The validity of eq 24-31 rests on the assumption that the 
anharmonic wave functions may be adequately approximated 
through the use of first-order perturbation theory. But it is well 
known that perturbation theory breaks down in the case of a 
vibrational resonance,8'13 and, in the treatment of the first-
order vibrational problem, Fermi resonance (ws ==: ay + a y ) 
and Fermi-Dennison resonance (ws — 2av) are the important 
cases that require consideration. To anticipate the discussion 
of resonance effects given in the next section, it is possible, in 
principle, for either a Fermi or a Fermi-Dennison resonance 
to significantly alter the calculated rotational strength of a 
fundamental transition. Indeed, in the first-order treatment 
presented above, a resonance interaction is the only way the 
calculated rotational strength of a fundamental may differ 
from that calculated from the harmonic fpc model. This fact 
is readily ascertained from the expressions for the electric and 
magnetic dipole transition moments of a fundamental (eq 24 
and 25) since they are independent of the vibrational anhar-
monicity. 

The theory developed in this paper ascribes all the anhar­
monic effects in the CD intensity to the anharmonic motion 
of the partially charged atoms. One might treat the electrical 
anharmonicity by using a more sophisticated model for the 
electric dipole moment such as the polar tensor14 or elec-
trooptical models15 which have been used successfully in the 
explanation of electric-dipole absorption spectra. However, 
we have found it difficult to define a magnetic dipole-moment 
operator in terms of these more sophisticated models. Although 
the fpc model has some shortcomings, it does allow interpre­
tation of the various terms in both the electric and magnetic 
diople-moment operators. It is our hope that, even though the 
fpc model cannot give highly reliable numerical estimates of 
the dipole or rotational strengths, it can provide some useful 
insights and a conceptual framework for interpreting vibra­
tional circular dichroism data. 

It should be noted that, in general, an absorption band in the 
vibrational spectrum consists of a main transition with a 
number of superimposed hot bands. In calculating the intensity 
it is important to sum the transition probabilities for all con­
tributing transitions using the appropriate population 
weighting factors. This problem has recently been discussed 
by Yao and Overend.16 Similar considerations apply in cal­
culating a rotational strength for comparison with an observed 
CD spectrum. For transitions originating in the ground vi­
brational state it is probably safe to use the rotational strength 
of the main transition with unit weight. However, for difference 
bands this is not acceptable and population weighting must be 
taken into account. 

HI. Effects of Resonance 

Nielsen13 has described in detail the way in which the con­
tact-transformation method may be modified to avoid break­
down because of a first-order anharmonic resonance. Briefly 
the contact-transformation function is modified in such a way 
that it removes all terms from H\ save the offdiagonal_elements 
giving rise to the resonance. The resulting matrix of H\ is then 
diagonalized numerically to give the resonance-corrected 
energies and wave functions. For example, in the case where 
W, =* Wj + Wk, the contact-transformation function, S, is 
modified by substituting different values for the coefficients, 
S'Jk, Sjjk, Sik-i, and Sjk'. These modified coefficients no longer 
contain the divergent energy-difference denominator, «,- — w,-

— Wk- In that case, the matrix of H will have nonvanishing 
elements, {vt, Vj, Vk\H\\v, ± 1, -̂ T 1, Vk =F 1). 

If the orthogonal transformation that diagonalizes the 
matrix of H\ is denoted as U and the resonance-corrected 
contact transformation as TF, the new transformed Hamilto-
nian is given by 

UTFHTF-*U-] 

In matrix terms the rows of U are the eigenvectors of the ma­
trix of H\. Since the new anharmonic wave functions are given 
by 

^ = Tp-1LZ-Vn
0 

the matrix elements of an operator,/, are given by 

W«l/ | \M = (7>-i£/-1*„°L/l7>->I/-^„ I°) 

= {U-l+„°\TFfTF-i\U-*+m°) (34) 

Note that for a wave function, \pn°, not involved in the reso­
nance, U~l acts as the identity operator, viz., 

I/"1**0 =*»° (35) 

In the example cited above in which w,- =* o>/ + u>k, the 
electric dipole transition moment for a fundamental transition 
in the ith normal mode is 

(LZ-Vo0IrFMTF-1I[Z-V,0) 

where \po° represents the vibrational ground state and \p,° the 
state with one quantum of excitation in the ;th normal mode. 
From eq 35 

LZ-V0O = 0̂O 

and 

LZ-V/0 = (^0IL/-1 V,0)^0 + W7*
0!*/"1!*/0)*;*0 (36) 

where i/^0 represents the state with one quantum of vibra­
tional energy in each of the normal modes j and k. The two 
matrix elements in eq 36 are easily recognized as the two ele­
ments of the eigenvector of the resonance dyad derived from 
\pi° and ipjk0- Because of the orthogonality of U, we have 

Uu=(ii°\U-^^) = V,o|L/| *,°) 

and 

U,jk = M I/-1 V,. 0) = M ° | £ / | V ) 

The electric dipole transition moment then becomes 

Wo0I TFMTF- 1 ILZ-V, 0 ) = Uu^0°\TFnTF^\^) 
+ U,jkWo0\TMTF-i\tjk

0) (37) 

Thus the calculation of the electric dipole transition moment 
for a vibrational transition, the upper state of which is involved 
in a resonance, would proceed in two steps. First, the har­
monic-oscillator matrix elements of the electric dipole moment 
operator transformed with the resonance-corrected contact 
transformation would be calculated for all the states in the 
resonance polyad. The final electric dipole moment matrix 
elements would then be constructed using the eigenvectors of 
the resonance polyad along the lines of eq 37. Such a resonance 
interaction may make significant contribution to the optical 
activity in a CH-stretching fundamental through resonance 
with the overtones and combinations of the CH deformation 
modes. The CH-stretching fundamental usually occurs near 
2900 cm -1 and the two bending fundamentals near 1350 
cm-1.17 The overtones and combination band of the CH-
bending modes should occur near 2700 cm"'. Thus the energy 
separation between the CH-stretching fundamental and the 
bending overtone is of the order of 200 cm"1. Because of the 
low relative mass of the hydrogen atom, the bending and 
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stretching vibrations have large amplitude and are therefore 
more sensitive to anharmonicity in the molecular force field. 
As a consequence, the off-diagonal matrix element coupling 
the CH-stretching fundamental with the binary overtones and 
combination of the CH bending modes is typically quite large 
(100-150 c m - ' ) ' 8 and so can lead to significant mixing of the 
stretching fundamental with the bending overtones and com­
bination. 

IV. Discussion 

The theory developed in the previous sections rests on two 
basic assumptions. The first of these is that the perturbation 
treatment is adequate to describe the anharmonic vibrational 
wave functions. This is most certainly an acceptable assump­
tion and in those cases in which the perturbation theory breaks 
down (i.e., in the case of resonance) it is possible to make the 
necessary corrections to the wave functions. The second, and 
probably the more serious, assumption is that the fpc model 
may be used to represent the electric and magnetic dipole 
moment operators. Although more sophisticated models for 
the electric dipole moment operator are currently avail­
able, 7 '14 '15 their use in formulating the magnetic dipole mo­
ment operator is equivocal. Moreover, the use of, say, a 
polar-tensor model for the electric dipole moment operator and 
the fpc model for the magnetic dipole moment operator would, 
in general, lead to a rotational strength that was origin de­
pendent. To establish this assertion, consider the rotational 
strength given by 

R Ok • <0|R| fc)<fc |RXP|0> (38) 

Letting R -* R + Y yields a new rotational strength, Rok', 
given by 

tfoft'~<0|R|*><*|RX P|0> 
+ <0|R|A:>Y X <&|P|0> (39) 

The first term in eq 39 is equal to Rok', the second term in eq 
39 will vanish whenever the vectors <0|R| /c > and ( £ | P | 0 ) are 
parallel. When this happens the rotational strength will be 
independent of the choice of molecular origin. But if there are 
no symmetry restrictions on the directions of ( 0 | R | £ ) and 
( £ | P | 0 ) , as is usually the case in achiral molecule, it cannot 
be assumed that these two matrix elements will always be 
parallel. 

In the theory of the vibrational rotational strength developed 
in this paper, the fpc model has been used for both the electric 
and magnetic dipole moment operators. Although this is not 
a guarantee that the rotational strength will be origin depen­
dent, it can be shown that the rotational strengths calculated 
from eq 24-31 are, indeed, origin independent. 

It is interesting to use the electric and magnetic dipole 
transition moments, eq 24-31, to evaluate the order of mag­
nitude of the rotational strength for one- and two-quantum 
transitions. For this analysis it is convenient to go over to the 
units (h = c = 1) and the notation of Mead and Moscowitz.19 

In their notation, the characteristic lengths of electronic motion 
ae and nuclear motion ON are given by 

1 /me2 as ~ KJme1 (40) 

Here m is the electronic mass and K is the usual Born-Op-
penheimer expansion parameter, K ~ [w/M]1/4 , with M de­
noting a typical nuclear mass. Characteristic electronic and 
nuclear energies are given by 

• meH £ N ' (41) 

Using these results it may be shown that eq 24 and 25 be­
come 

\{vs\fl\vs + \)\~ \ts\ ~ Keae 

\(vs+ \\m\vs)\ ~ |& | ~ n^e/m (43) 

As is shown in Appendix II the constants in the contact-
transformation function (6) are of the order of 

\§abc \sab 

The electric and magnetic dipole transition moments for an 
overtone transition, eq 26 and 27, become 

\(Vs\ii\vs + 2) | 

\(vs + 2\ih\vs 

£ ty(S"''(l + 2bs])+Sj) 
J 

(44) 

Efc-VU + M •nAe/m (45) 

Hence the overtone rotational strength is of order 

p e 2 f l e 6 
m 

Comparing this result to the fundamental rotational strength 
eq 42, 43, 24, and 25 given by 

/?r—r+ 1 (46) 

it is evident that the overtone rotational strength is about two 
orders of K smaller than the rotational strength of the funda­
mental. Similar results may be derived for the rotational 
strength of the binary combination and difference bands. 

The small magnitude of the rotational strength of a binary 
transition relative to the rotational strength of a fundamental 
does not necessarily imply that the measurement of overtone 
optical activity will be any more difficult than the measurement 
of a vibrational fundamental. The experimentally important 
parameter is the dissymmetry factor, G, given by 

G = AR/D 

For the fundamental, 

for the overtone, 

G _ / ^ O e A / (eaeK2)2 ^ e2K2 

The conclusion is that the optical activity of a binary overtone, 
combination, or difference band should be about as easy to 
measure as that of a fundamental. This is an important con­
clusion because, for technological reasons, it is presently easier 
to measure infrared circular dichrosim in the near-infrared 
region (1-3 ^m) than it is in the mid-infrared region (3-20 
Mm). 

Another interesting order of magnitude comparison is that 
of the terms, g; and £,/<, that appear in eq 29 and 31. Since 
I W l ~ 1/VmA , t n e n 

I t I e e 4 
M m 

From eq 29 the contribution due to the £, terms is given by 

E I/&-/0 + M +-VO + M m 

(42) 

Clearly the £y term in eq 31 is of the same order of magnitude. 
Thus the contributions of the £, and %jk terms to the overall 
magnetic dipole transition moment are of the same order of 
magnitude. 

The extension of the anharmonic-fpc model to include higher 
order effects is straightforward. Both the first and second 
contact transformations, described by Amat, Nielsen, and 
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Tarrago,8 are required. It is straightforward, though tedious, 
to evaluate the twice-transformed electric and magnetic dipole 
moment operators. Although the complete expressions are not 
given here, it is of some interest to consider the form of the 
results that emerge from the second-order treatment. The 
second-order expression for the electric dipole transition mo­
ment of a fundamental transition is given by20 

(vs\H\vs+ \) = (\/V2)ts 

+ (1/2V^)Et , - \ZSs
aaJ(\ + 25aj) + 3ZSaasJ 

- ( l / 4 V 2 ) E t , - E S°bJ(l+Baj+6bj) 
a<b 

X[Ssb
a(\ + hbs)+Ssa

b)\ + M ] 

- E sabj \sbs° + sas
b + 5as E (sdd

b 

a<b L d 

+ Sddb(\ + 2«M)) + 5bs E (Sdd« + Sdd°{\ + 28ad))] 
d J 

(47) 

On the right hand side of eq 47, vs is set to zero to simplify the 
expressions. For the purposes of the present discussion it is 
sufficient to observe that in eq 47 there are contributions to the 
electric dipole transition moment of a fundamental which arise 
from vibrational anharmonicity. Moreover, these contributions 
are not due to resonance interaction of the fundamental with 
a nearby overtone or combination level. An order of magnitude 
analysis, similar to that described above, may be used to show 
that the additional terms in eq 47 are two orders of K smaller 
than the leading t, term. This implies that the anharmonic 
corrections to the rotational strength of a fundamental are two 
orders of K smaller than the leading tsl-s term. This may be 
compared to the situation of a resonance interaction between 
the fundamental and, for example, a binary overtone. In that 
case, the resonance corrections to the electric dipole transition 
moment and to the rotational strength of the fundamental are 
only one order of K smaller than the leading terms. 

It appears that the additional anharmonic correction terms 
in eq 47 are of the same order of smallness in K as terms that 
arise from the breakdown of the Born-Oppenheimer approx­
imation. It is therefore appropriate to consider the contribu­
tions to the rotational strength which might result from such 
a breakdown. 

In the following discussion, a crucial role is played by the 
electronic component of the electric-dipole transition moment. 
Such a consideration will result in direct contributions to 
electrical anharmonicity and, accordingly, it is appropriate to 
consider the relative contributions of electrical and mechanical 
anharmonicity to the rotational strength. 

The usual expansion of the electric dipole moment is given 
by7 

M-M (O) + E(H) « + %(>k%) **> 

S (dRtdRjdRj RiRj KdRidRjdRk/ ""'J k 

In terms of the Born-Oppenheimer vibrational-electronic wave 
function, ^oa(r,R),19 the function n is given by 

M=(*Oa(r,R)|e(r + R)|*0«(r,R)) 

Here r and R denote the electronic and nuclear coordinates, 
respectively, and 0 and a denote the electronic and vibrational 
ground states, respectively. The function \i may be decomposed 
as 

M = Me + MN 

where 

Me = (\to(r,R)|HMr,R)) 

MN = (^a(R) |«R I *«(«)) 

Here ^o and <£a represent the electronic and nuclear wave 
functions whose product is ^oa(r>R)> i.e., 

*0a(r,R) = ^o(r,R)0«(R) 

Focusing on fie, the first derivative may be written as 

d^o(r,R) 

dRi KdR1 )H( |r|*o(r.R) 

? (IS h)*|r|«l-(;>•> 
eof the 

Jl*') 
The above result makes use of the estimates 

/WoI.\ 1 
Vd/?, i v ae 

{\Pj\T\\p0)~ae 

as given by Mead and Moscowitz.19 

The second derivative of \it with respect to the nuclear 
coordinates is treated similarly: 

d2Me 
dRjdRj 

(Wo 

+ e 

GsSs)I-1 (^ '"O 
)I-M-1 dRj 

h KdRi 

.aJ^l*;)<*;M*o) 

, ( J 3 ) ( f le) + e ( ! ) ( « ! ) ( ! ) - - L 
\a// \ac/ \ae/ ae 

This result makes use of the additional relationship 

d Vo I . M 1 / a Vo , \ 
KdRidRj I v 

which may also be found in ref 19. In a similar way, the third 
derivative of fie with respect to the nuclear coordinates may be 
shown to be of order 

d3H, / _ d V _ _ \ 
KdRidRjdRk/ KdRidRjdRkJ 

These derivatives may be introduced into the electric dipole-
moment expansion to obtain an order of magnitude relation 
for the electric dipole-transition moment for the vibrational 
transition 4>a -* <£«: 

|(0«|Me|0/s)|~e|(<M*| 

+ - | ( 0 a 1 / ? 2 | 0 / j ) | + — |(0«|/?3k/j)| 

It is easily shown that 

| ( 0 a | i ? / | 0 / 5 ) | ~ ( a N ) / ~ K
/ a e

/ 

and therefore 

|(0a|Me|0(?)| ~eaeK + eaeK
2 + eaeK

3 + . . . (48) 

The term proportional to K3 in eq 48 represents the electrical 
anharmonicity that will make a contribution to the electric 
dipole transition moment of a forbidden transition, a —»• /?. This 
term is of the same order in K as the correction terms arising 
from mechanical anharmonicity in eq 47. 

Up to this point Born-Oppenheimer wave functions have 
been used. However, in the notation of ref 19, the exact mo­
lecular wave functions may be approximated by 
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^ Oa =* Ma + E afttj<Pft 
ft 

^0/3 =* <A()0O/3 + L bjy\pj(t>jy 
ft 

Note that a 0 subscript has been added to the electronic ground 
state vibrational wave functions. Thus, 

| ( ^ 0 „ | e r | ^ ) | ~ I (00a I Me I 00,3) I 

^67 7( i / 'o |er |^)(0o a |0 7 7 J 

E o,-7* OZ771 <?r | ^0)(<t>ft I top) 
ft 

(49) 

The mixing coefficients are19 

\aft\ ~ \°ft\ ~ K 

If the Franck-Condon factors (0oa |0y7) and (0/7|0o/3) are 
assumed to be of order unity, the correction terms in eq 49 are 
of the order 

Jy 
iMer\^jK<t>0a\4>ft) 

+ E aft*Wj Ier\ ipo)(4>jy 100/3) 
ft 

• eaeK
s 

Thus the corrections to the electric dipole transition moment 
resulting from breakdown of the Born-Oppenheimer ap­
proximation are of the same order in K as those that arise from 
both mechanical and electrical anharmonicity. Also, it should 
be noted that the mechanical and electrical corrections are 
calculated within the Born-Oppenheimer approximation. Thus 
the calculation of any electric dipole transition moment that 
requires inclusion of these third-order terms must, as shown 
above, include consideration of non-Born-Oppenheimer ef­
fects. 

The electronic portion of the magnetic dipole transition 
moment cannot be treated in a manner analogous to that used 
for the electric dipole transition moment because, in the case 
of a molecule with a nondegenerate singlet ground state, the 
electronic contribution to the vibrational magnetic dipole 
transition moment must vanish when calculated with Born-
Oppenheimer wave functions. This result is easily seen if one 
considers the magnetic dipole analogue of/ie given by 

j0a*(R)[J^o*(r,R)me,^o(r,R)dr]0 / 3(R)dR (50) 

Here mei is the conventional electronic magnetic dipole-
moment operator 

mei = - — E r,- X p, 
2mc i 

If iAo is a wave function for a singlet nondegenerate electronic 
ground state, the integral in brackets in eq 50 must vanish since 
the diagonal elements of a purely imaginary operator expressed 
in a purely real basis vanish. In this approximation only the 
nuclei, through the nuclear magnetic dipole-moment operator, 
will contribute to the magnetic dipole transition moment.1 b 

Should the rotational-strength calculation be carried out 
within the Born-Oppenheimer approximation, the rotational 
strength will be origin dependent. The reason for this origin 
dependence is as follows: the electric dipole transition moment 
will have both electronic and nuclear contributions, but the 
magnetic dipole transition moment will have only terms arising 
from nuclear magnetic dipole operator. Hence, the additional 
term in the origin-shifted rotational strength (see previous 
discussion) is given by 

(0|i?|A:)YX (&|P |0 ) 

and, in general, will not vanish. 

The only other electronic contributions to the magnetic di­
pole transition moment are those due to the Born-Oppen­
heimer corrections 

(^oa |mei|^o/3) = £V^o</>o«|mei |^</V7) 
ft 

+ E aft*Wj<t>ft\me[\Moi3) (51) 
ft 

The matrix elements on the right-hand side of eq 51 are of the 
order of magnitude of the Bohr magneton which, in our units, 
is e/m. Since the perturbation coefficients in eq 51 are of order 
K3, it follows that the first nonzero electronic contributions to 
the magnetic dipole transition moment are of order Kle/m. This 
is of the same order of magnitude as the magnetic dipole 
transition moment calculated in the fpc approximation. Ac­
cordingly, it appears that, if a more sophisticated treatment 
than the fpc model is to be used to estimate the magnetic dipole 
transition moment, it would also be proper to include consid­
eration of the corrections to the Born-Oppenheimer wave 
function. 
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Appendix I 

In this appendix we set out the results of a number of har­
monic-fpc model calculations and compare them with exper­
imental results. The purpose is to point out some of the short­
comings of the harmonic-fpc model. In particular, we discuss 
the C*-H and O-H stretching modes in 2,2,2-trifluorophen-
ylethanol (TFPE) and the C*-H stretching modes in tartaric 
acid. Complete details of the harmonic-fpc calculations, i.e., 
the force constants, partial charges, and molecular geometries, 
have been given by Faulkner.21 

The only previous comparison between harmonic-fpc cal­
culations and experimental results was given by Faulkner et 
al.2c for the C*-D stretching mode in neopentyl-7-J chloride 
and the C*-H stretching mode of TFPE. In the case of TFPE 
the calculated rotational strength has the same sign as the 
observed one but is one order of magnitude lower. The relevant 
results are summarized in Table I. 

There is one difficulty in that, subsequent to the determi­
nation of the experimental rotational rotational strength quoted 
by Faulkner, which was observed for pure liquid TFPE, Nafie 
et al.22 obtained the IRCD spectrum of TFPE in dilute solu­
tion and found that the rotational strength of the C*-H 
stretching mode was opposite in sign to that in the pure liquid. 
The magnitude of the rotational strength in dilute solution is 
roughly comparable with that of the pure liquid. It is relatively 
easy to calculate a C*-H rotational strength of different sign 
by assuming a different O-H conformer but, even in that case, 
the calculated rotational strength is still an order of magnitude 
less than the experimental value. 

Nafie et al.22 have also determined the rotational strengths 
in the O-H stretching region of TFPE in dilute solution. Since 
the rotational strengths associated with the O-H and C*-H 
stretching modes are opposite in sign and of roughly equal 
magnitude, the possibility exists that the optical activity in 
these two modes arises from a coupled oscillator mechanism.23 

To test this hypothesis TFPE was deuterated at the hydroxyl 
position (TFPE-fifi).24 The harmonic-fpc calculation was 
carried through for TFPE-^i using the same force constants 
and partial charges as for TFPE; it was found that the rota­
tional strength of the C*-H stretching mode was reversed in 
sign (see Table I). Also there was a decrease in magnitude of 
the rotational strength of the C*-H stretching mode by about 
a factor of 2.5. This result conflicts with experimental obser­
vation. Both the magnitude and sign of the rotational strength 
of the C*-H stretching mode in TFPE-c/i are the same as in 
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Table I. Rotational and Dipole Strengths for (S>D-2,2,2-
Trifluoro-1-phenylethanol'''* 

Wavenumber, 
cm"1 R, (esu cm)2 D, (esu cm)2 

TFPE 
C*-H stretch 

O-H stretch 

TFPE-^i 
C*-H stretch 

O-D stretch 

2910 
(2921) 
3620 

(3680) 

2910 

2670 

- 2 X 10~44 

(2 X 10-45) 
2 X 10~44 

(2 X 10~46) 

- 2 X 10-44 

(0.7 X 10-45) 
Positive 

" All experimental data are for dilute CCU solution spectra. The 
experimental O-H rotational strength is derived from the CD spec­
trum of Figure 5, ref 22. All other experimental values obtained from 
the following samples: TFPE, C*-H stretch, 0.070 M, 5.9 mm path 
length; O-H stretch, 0.35 M, 0.244 mm path length; TFPE-rf, C*-H 
stretch, 0.070 M, 5.9 mm path length; O-D stretch, 0.070 M, 1.04 mm 
path length. * Results in parentheses are calculated values using the 
harmonic-fpc model. 

TFPE. This result appears to preclude the possibility that the 
optical activity of the C*-H stretching mode in TFPE has its 
origin in a coupled oscillator mechanism involving the O-H 
stretching mode. 

In their original interpretation of the rotational strength of 
the C*-H stretching fundamental of TFPE, Faulkner et al.2c 

assumed that the C*-H bond stretch was admixed with the 
C*-0-H deformation and that the electric-dipole transition 
moment was due primarily to the C*-H stretching motion and 
the magnetic-dipole transition moment to the C*-0-H de­
formation motion. They found later21 that is was possible to 
obtain a calculated value of the rotational strength close to the 
experimental one if they introduced an interaction force con­
stant, fr5 = -0.24 mdyn, coupling the C*-H stretch and 
C*-0-H deformation in the valence force field. However, in 
the original valence force field on which their calculations were 
based, it was assumed that/ rj was 0. It may well be that the 
rotational strength is more sensitive to this force constant than 
any other spectroscopic quantity, but there is, in fact, no real 
evidence that/ rj should be so large. 

If anharmonic effects are considered there is a possibility 
that the overtone of the C*-H deformation or the combination 
of the two C*-H deformation modes might mix significantly 
with the C*-H stretch; we expect these overtone and combi­
nation states to lie near 2700 cm-1 and in our trial anharmonic 
fpc calculations it appears that the cubic normal-coordinate 
force constants connecting the C*-H stretching fundamental 
with these overtones and combinations seemed to be of the 
order of 100 cm - ' . Hence a considerable anharmonic mixing 
of the fundamental and the overtone and combination states 
is to be expected. 

The other molecule in which we are able to compare calcu­
lated and experimental values of the rotational strength is 
tartaric acid. Sugeta et al.25 measured the circular dichroism 
associated with the two C*-H stretching fundamentals of 
tartaric acid and found a monosignate CD spectrum with an 
overall rotational strength of about 8 X 1O-44 (esu cm)2 in 
magnitude. A number of harmonic-fpc calculations21 were 
carried out based on the Urey-Bradley force field for ethylene 
glycol determined by Matsuura and Miyazawa.26 

In the first set of harmonic fpc calculations it was assumed 
that the two C*-H bonds in tartaric acid are coplanar in either 
a cis or trans arrangement. In that case it was found that the 
calculated rotational strengths are about one order of magni­
tude less than the experimental ones and, moreover, that the 
rotational strengths for the two C*-H stretching modes are 

generally of opposite sign and so should give rise to a bisignate 
CD spectrum. 

A second series of calculations was made for assumed con­
figurations in which the two C*-H bonds are staggered with 
respect to each other. In that case the the coupled oscillator 
mechanism comes into play and it was found that the rotational 
strengths of the individual symmetric and antisymmetric 
modes involving the C*-H bonds are much larger than for the 
planar cases and are of the same order of magnitude as the 
experimental values. However, the calculated rotational 
strengths of the two C*-H stretching modes are opposite in 
sign and one would predict the CD spectrum to be bisignate 
in character, contrary to experiment.25 

It is interesting to note that, in the planar conformations, 
the dominant contributions to the rotational strength of the 
staggered conformers cancel out. In the planar case the optical 
activity may be viewed as arising from the electric dipole 
transition moments due primarily to the C*-H bond stretches 
and small magnetic dipole transition moments arising from the 
motion of atoms outside the two C*-H bonds. 

The interpretation of the experimental results suggested by 
Sugeta et al.25 is that the rotational strength is primarily due 
to separate local contributions from each of the two C*-H 
bonds. Each asymmetric center in, for example, /-tartaric acid 
is of the S configuration and so the individual contributions 
to the rotational strength from each C*-H bond stretch should 
be of the same sign and the CD spectrum should be monosig­
nate in agreement with experiment. Unfortunately, the har­
monic-fpc calculations show no evidence of such contributions 
to the rotational strength from the individual local C*-H os­
cillators. However, if the suggested interpretation of Sugeta 
et al.25 is correct, a similar model might also explain the TFPE 
results where a dominant local C*-H bond stretch contribution 
would be consistent with the experimental observation that the 
C*-H stretch rotational strength is insensitive to deuteration 
of the alcohol moiety. 

One final observation about the harmonic-fpc calculation 
should be made. It is possible to construct to construct a band 
shape that would approximate a monosignate band in the CD 
spectrum by superimposing two bisignate bands which might 
arise from roughly equal populations of two of the staggered 
conformers. We have explored this possibility but, if we accept 
the calculated frequency splittings, which seem to match those 
experimentally observed,25 it does not seem possible to su­
perimpose bisignate curves to synthesize a CD spectrum at all 
similar to that seen experimentally. 

Appendix II 
Amat, Nielsen, and Tarrago8 give the following expressions 

for the quantities Sabc and Sab
c: 

2.TTC 
Sab

c = T - (1 + &ac + hc)Xc
l/2(Xc ~ K ~ H)Dabckabc 

Aire 
Sabc = - p - kabciXaXbXcV^Dabc (Al) 

Here kabc is a cubic normal coordinate force constant and 

\ a ' / 2 = 2TZCiIi0 

where wa is the harmonic frequency of the ath normal mode, 
expressed in cm -1. The quantity Dabc is given by 

Dabc = [(K {'2 + Xb X'2 + Xc 1/2)(Xa 1/2 " \b "2 ~ Xc '/2) 
X (Xa '/

2 - Xb"2 + Xc^)(Xa>/2 + X4 '/2 - X c i / 2 ) ] - ' (A2) 

To prove that Sabc and Sab
c are both of order K in magnitude 

it is necessary to establish the order of magnitude of kabc- By 
definition 
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kabc ~~ 
d3V 

dqadqbdqc 

where V is the intramolecular potential function which within 
the Born-Oppenheimer approximation can be written as 

V= Wo| Tt + V„ + KNe + KN N |^o) (A3) 

Here 7^ is the electronic kinetic energy operator, Kee is the 
interelectronic Coulomb potential, FNe is the nuclear-elec­
tronic Coulomb potential, and KNN is the nuclear-nuclear 
Coulomb potential. Since the potential energy is expanded in 
dimensionless coordinates, the order of magnitude of kabc may 
be expressed as 

d 3 K 
^abc a/?N3 flN" 

(A4) 

Consider first the electron-electron terms; the first derivative 
may be expressed as 

d/?i 
•Wo\Te+V„\4,0) 

# 0 
I Te + Vt -Mo) 

j \ u r t N 

and the second derivative as 

L(dR *j)Wj\T<+VM •Ee/at 

d2 

2>i?N
2 (fo\Te+ Kee| to 

W N 2 | 7 e + ei l*o) 

+ (*h- \T +V 
W N

1 e " 

j,k VORN I \ ldi?N/ 

ae ae ae 

Similarly the third derivative may be expressed as 

•Wo\Te+Vx^o) •—, (A5) 

Since P7Ne depends on the nuclear coordinates, the derivatives 
of the potential term containing KNe will contain 

d # x 

and hence 

r - R 

dmVNe 

dR* tlyi 

r _ R | ( W + o 

Ee 

The expansion technique used for the electron-electron terms 
together with the above result yields 

^ -OMrNeIlM ~—i (A6) 
a/?N3 

Finally, the contribution from the nuclear-nuclear potential 
is 

d3 

• Wo| ^N NIW 
a3KNNi 

d#N3 I ae
4 T 7 ~ T^ (A7) 

Inserting eq A5-A7 into eq A4 yields 

kabc ' • A N •<?Er. (A8) 

This result, when used in eq A l , gives 

| C LC\ ~ A' 3 F 

raic 

The quartic transformation constants, Sdabc and Sabc
d, may 

be shown, by methods similar to the above, to be of order 
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